Abstract: We present a method for resolving the combinatorial issues in the tt lepton+jets events occurring at the Tevatron collider. By incorporating multiple information into an artificial neural network, we introduce a novel event reconstruction method for such events. We find that this method significantly reduces the number of combinatorial ambiguities. Compared to the classical reconstruction method, our method provides significantly higher purity with same efficiency. We illustrate the reconstructed observables for the realistic top-quark mass and the forward-backward asymmetry measurements. A Monte Carlo study shows that our method provides meaningful improvements in the top-quark measurements using same amount of data as other methods.
Introduction
The top quark was discovered in 1995 at the Fermilab Tevatron pp Collider [1] . This recently discovered quark is the heaviest known elementary particle [2] . Its large mass may strongly couple with the electroweak symmetry breaking [3, 4] , and therefore, the top quark is usually treated differently from the other light quarks in many new physics models. This suggests that many searches focus on the top quark signature [5] . Recent observations of the charge forward-backward asymmetry (A FB ) at the Tevatron collider may provide evidence for the involvement of this new physical signature in tt production [6, 7] . However, because of the limited number of tt events at Tevatron, updated measurements using the full Tevatron data at the Collider Detector at Fermilab (CDF) still do not confirm whether they have identified a new physical signature or if the result is a statistical fluctuation of the standard model (SM) process [8] . Because the Large Hadron Collider (LHC) is a pp collider, it is difficult to probe all of the possible scenarios of new physics involved in the top-quark A FB . It is, therefore, necessary to use the currently available Tevatron data as efficiently as possible.
Similar issues have occurred with the top-quark mass (M top ) measurements. The topquark mass is a fundamental parameter of the SM, and it is tightly related to the Wboson mass and Higgs-boson mass via electroweak radiative corrections [9, 10] . Therefore, precision measurements of M top and the W -boson indirectly provide important constraints on the Higgs boson mass. Compared with the directly-observed Higgs-boson mass [11] , precision measurement of M top can be important for understanding the SM. Even though LHC experiments obtained tt events that were more than two orders of magnitude larger than the Tevatron events, the Tevatron measurements give the most precise M top results to date [12, 13] . Because of the well-known detectors as well as the much smaller instantaneous luminosity of the collisions, the Tevatron measurements usually have smaller systematic uncertainties. Consequently, the dominant uncertainty of the Tevatron M top measurement is statistical uncertainty [12] , while the LHC measurement is dominated by systematic uncertainty [13] . Therefore, efficiently utilizing the currently available Tevatron data is important for improving the precision of Tevatron measurements as well as world average of M top .
In the SM, the top quark decays almost exclusively into a W boson and a b quark [2] . In tt events, the lepton+jets decay channel is defined by the case where one W boson decays leptonically into an electron or a muon plus a neutrino and the other W decays hadronically into a pair of jets. Thus, the events in this channel contain one charged lepton, two b quark jets, two light flavor quark jets, and one undetected neutrino. Many precise top-quark measurements including M top and A FB have been performed using lepton+jets events.
In the lepton+jets event, we have measured four final jets in the detector that should be matched with initial parton-level quarks. During event reconstruction, we should resolve these combinatorial ambiguities. The rate of correctly matching events for all four jets in the kinematic reconstruction method, which is commonly used in hadron collider experiments [14] [15] [16] [17] , was only 18-47% depending on the b-tagging category after poorly reconstructed events were rejected by requiring that the minimum χ 2 be less than nine [14] . Other events use imperfect tt reconstruction from incorrect matching between jets and quarks. As shown in Ref. [14] , incorrectly matching events resulted much poorer resolution in the distribution of observables such as the reconstructed top-quark mass and W -boson mass. If we develop an improved method for resolving the combinatorial ambiguities, the majority of the top-quark measurements can be significantly improved. In this paper, we report a novel technique for improving the combinatorial ambiguities of tt lepton+jets events using a multivariable neural network (NN) technique. This method is directly applicable to experimental measurements of the top-quark such as M top and A FB .
There are a few studies that discuss the combinatoric ambiguities at hadron colliders [18] [19] [20] . However, these studies focus on new physics processes in pair production, and both particle and anti-particle decay into invisible particles that could be dark matter candidates. Therefore, the final state contains two invisible particles together with the visible particles. These methods can be directly applicable for the dilepton decay channel of tt events due to the two invisible neutrinos, but they are not feasible for lepton+jets decay events. Furthermore, those studies consider model-independent analysis because we may not exactly know what is underlying the new physics seen in the data. On the other hand, tt productions and decays are very precisely tested in the SM framework [2] . We can therefore use model-dependent analysis to maximize the information for resolving the combinatoric ambiguities. One very useful technique for incorporating multiple information is an artificial NN method [21, 22] . Here, we propose the use of the artificial NN for resolving the combinatoric ambiguities in tt events.
tt events and its reconstruction
For the study of tt event reconstruction, we generated a simulated tt signal sample with M top = 173 GeV/c 2 [12, 13] using the leading order (LO) Monte-Carlo (MC) generator madgraph/madevent [23] package with pythia [24] parton showering. The detector effects are produced with the fast detector simulation package pgs [25] . The detector resolution effects are simulated by the following parametrization:
As per the predefined values in the pgs package, we let a = 0.8, b = 0.2, and c = 0.01. The pgs package can also quickly reconstruct each physical object such as leptons, jets, and missing transverse energy. In the simulation, the jets originating from b quarks are tagged with approximately 40% b-tagging efficiency.
To select the candidate events in the tt lepton+jets channel, we require one charged lepton candidate with transverse momentum, p T , greater than 20 GeV/c. We also require missing transverse energy ( E T ) to exceed 20 GeV and at least four jets with transverse energy, E T , greater than 20 GeV. We further request that at least one jet is tagged as a b quark.
We first attempt to reconstruct the tt lepton+jets events using the kinematic reconstruction method applied in the CDF analyses [14, 26] . We build a χ 2 formula to obtain the most probable combination that combines all measured quantities and known constraints. Our slightly method differs from the CDF description in that we directly use E T instead of the unclustered energy with approximately 40% resolution because the unclustered energy is unavailable in the fast simulation. Therefore, we define χ 2 for the kinematic fit as follows:
In this χ 2 formula, the first term constrains the p T of the lepton and the four leading jets to their measured values within their respective uncertainties (detector resolutions). The second term constrains both transverse components of E T , x and y, as well as those of the neutrino, p x and p y . In the last four terms, the quantities M jj , M ℓν , M bjj , and M bℓν refer to the invariant masses of the four-vector sum of the particles denoted in the subscripts. Here, M W and M top are the masses of the W boson (80.4 GeV/c 2 ) [27] and the top quark, respectively, and M top is determined during minimization of χ 2 . The total widths of the W boson and the top quark are Γ W (2.1 GeV/c 2 ) and Γ t (1.5 GeV/c 2 ), respectively [2] .
Assuming that the four leading jets in the detector are products of the tt decay, there are twelve possible jet-to-quark assignments. We perform a minimization for each assignment using a χ 2 comparison. In the classical kinematic reconstruction method (χ 2 method), the combination that has the lowest χ 2 is selected as a candidate for correctly matched events. To understand the performance of the reconstruction methods, we study the true quark properties together with the reconstructed jet properties. If the distance, ∆R ≡ (∆η) 2 + (∆φ) 2 , between a quark and a reconstructed jet is less than 0.4, the jet-toparton assignment is correct. If all four quarks and jets have correct assignments, this event has correct matching. We then obtain a purity, which is a fraction of the correct matching events, of 35% using the classical χ 2 method for the SM tt events. If we use the CDF requirement that χ 2 must be less than 9, which has an event efficiency of 76%, the purity is increased to 39%. The values of efficiency and purity are consistent with those in the CDF results [14] .
Because there are 12 possible combinatorics, a purity about 35% is acceptable. Moreover, under our assumption that the four leading jets are candidates for the four quarks, the maximum purity of the SM tt sample is only 67%. However, without losing efficiency, the purity can be improved by up to 90% (35% → 67%). Even though χ 2 is important for matching the jets and quarks, there are many additional variables that can be used to determine the correctly matching combinations. Therefore, we employ the multivariable NN for the event reconstruction of tt lepton+jets events.
We use the results of the kinematic fitter for all possible combinatorics as the input for our neural network. Of the possible combinations, we choose a signal, which has all jets matched with the correct quarks, and background, where at least one jet is unmatched. We then train the NN with various kinematic input variables that have discrimination powers between the signal and the background. To avoid any measurement bias and to maximize the discrimination power, the choice of input variables depends on the measurements. The NN is constructed with the network implementation in the root package [28] .
M top measurement
For the M top measurement, we consider kinematic variables that do not depend on M top but have a discriminant power between the signal and the background. In addition to the χ 2 information, we consider the transverse momentum of the tt system p tt T as well as the azimuthal angle between the t andt quarks ∆φ [29] . Without additional radiation, p tt T and ∆φ are predicted to be zero and π, respectively, because no transverse momentum exists at the initial collision. If these values are far from the predicted values, this may indicate an incorrect matching choice that is caused by combinatoric ambiguities. We also consider the distances (∆R) between the reconstructed particles, which are useful for determining the correct matching choice. The NN training input variables are listed below:
1. χ 2 : χ 2 value of the kinematic reconstruction.
p tt
T : Transverse momentum of the tt system.
∆φ:
Azimuthal angle between the t andt quarks.
∆R:
Distance between the t andt quarks.
5. ∆R lW,lb : Distance between the b quark and W boson of the leptonically decaying t quark.
6. ∆R hW,hb : Distance between the b quark and W boson of the hadronically decaying t quark. Signal Background Figure 1 . Distributions of the neural network input variables for the M top measurement of the signal (all jets are correctly matched) and the background (at least one jet unmatched) using a SM tt sample with M top = 173 GeV/c 2 .
7. ∆R jj : Distance between the two jets of the hadronically decaying W boson. The relationship between the purity and efficiency for the NN method and the χ 2 method is shown. At the same efficiency (76%), which corresponds to the χ 2 < 9 cut, the NN method has 49% purity, while the χ 2 method has 39% purity.
8. ∆R lt,lW : Distance between the leptonically decaying t quark and its decaying daughter W boson.
9. ∆R ht,hW : Distance between the hadronically decaying t quark and its decaying daughter W boson.
∆R hW,q1
: Distance between the hadronically decaying W boson and its decaying daughter quark(1).
11. ∆R hW,q2 : Distance between the hadronically decaying W boson and its decaying daughter quark(2).
12. ∆R l,lb : Distance between the lepton and b quark of the leptonically decaying t quark.
13. ∆R bb : Distance between the b andb quark.
The distributions and the separation power of the input variables used in the NN for both the signal and the background are shown in Fig. 1 . Even though χ 2 is useful for determining the correct matching, all of the other variables also provide meaningful discrimination between the signal and the background. Our NN configuration has twelve input variables, two hidden layers, and one output node. After training, we process the SM tt sample using the trained NN. Figure 2 (a) shows the NN output value (NN out ) of the signal and the background. We find that NN out produces a good separation power between the signal and the background.
In the χ 2 method, a candidate for the correct matching combination is chosen by the case that has the minimum χ 2 value. However, in the NN method, we choose the combination with the maximum NN out . Because CDF analysis usually rejects poorly reconstructed events by requiring χ 2 < 9, we also try to remove poorly reconstruction events in the NN method using maximum NN out requirements. The purity of an event reconstruction is highly dependent on a fraction of the event passing the criteria (efficiency). We therefore study the relationship between the purity and the efficiency using each reconstruction method. Figure 2 (b) shows the efficiency as a function of the purity for both the χ 2 method and the NN method. As we can see, the NN method has much higher purity for the same efficiency. If we select 76% efficiency in the NN method, which corresponds to an efficiency of χ 2 < 9 in the χ 2 method, the NN out criteria should be NN out > 0.60. With this condition, the NN method has 47% purity, which is approximately 21% better than the χ 2 method.
For realistic M top measurements, we study the reconstructed top-quark mass (m reco t ) distribution, which is an observable of the M top measurement [26] . We first examine the difference between the m reco t and the true M top value of the SM tt sample. Figure 3 (a) shows the distributions of m reco t minus M top using two different reconstruction methods. As we can see, the NN method has better resolution ( 10%) than the χ 2 method. To study any bias on M top in the NN reconstruction, we generate two additional SM tt samples that have different M top values (168 GeV/c 2 and 178 GeV/c 2 ). We apply the NN trained by the M top =173 GeV/c 2 sample to both samples and compare the m reco t distributions. As shown in Fig. 3 (b) , the m reco t distribution is slightly smaller using the NN method. However, the mean value changes from the different mass samples are quite similar between the χ 2 method and the NN method. To quantify the performance, we calculate ∆m reco t (178 GeV/c 2 − 168 GeV/c 2 )/RMS, where RMS is average root-mean-square of the m reco t distributions. We obtain an approximately 11% higher value using the NN method than that of χ 2 method. Therefore, we can achieve better precision of the M top measurement using the NN method with a quantitatively similar improvement in the statistical uncertainty.
A FB measurement
For the A FB measurement, we consider kinematic variables that do not depend on the θ angle. We therefore do not consider the angles between particles. Because M top is very precisely measured [12, 13] , we assume M top =173 GeV/c 2 is appropriate for A FB measurements. With this assumption, the reconstructed masses of the particles are useful for denoting the correct combination. In general, incorrect combinations will yield smaller reconstructed masses as well as lower resolutions. The full list of input variables for the A FB measurement are shown below:
1. χ 2 : χ 2 value of the kinematic reconstruction. The distributions and separation power of the input variables used in the NN for both the signal and the background are shown in Fig. 4 . As we can see, the invariant masses of the reconstructed particles are very good discriminants. Our NN configuration for the A FB measurement has eight input variables, two hidden layers, and one output node. After training, we process the SM tt sample with the trained NN. Figure 5 (a) shows NN out for the signal and the background using the SM sample. We achieve a very good separation between the signal and the background. We also apply the NN method to select the maximum NN out combination.
We show the purity as a function of the efficiency in Fig. 5 (b) for both the χ 2 method and the NN method. We obtain the χ 2 < 9 efficiency when NN out > 0.58. In this condition, we obtain 57% purity with the NN method, which is approximately 46% better than the χ 2 method.
In the measurement of A FB , the reconstructed rapidity difference between t andt (∆y = y t − yt) are widely used [6] [7] [8] 30] . We investigate the reconstructed ∆y (∆y reco ) using the NN method as well as the χ 2 method to verify the effectiveness of the reconstruction method for real measurements. Figure 6 (a) shows ∆y reco minus the true ∆y (∆y true ) of the SM tt sample. As we can see, the NN method has better resolution, which is approximately 9% better than that of the χ 2 method.
Because A FB is approximately zero in the tt production of the LO SM process, we generate new physical processes with any significant A FB value. Based on interesting models used to explain Tevatron A FB results, we use the axigluon [31] (with 3 TeV/c 2 mass) mediated top quark production. To generate the axigluon model, we use the madgraph/madevent package with the top-BSM model [32] . We apply the NN trained by the SM tt sample and examine the ∆y distributions. As shown in Fig. 6 (b) , ∆y reco − ∆y true does not shift with the NN method. In this sample, the true A FB is 0.57. We can also see that the NN method has the better resolution, approximately 11%, for the ∆y reco distribution. Therefore, we can clearly improve A FB measurements at Tevatron using the NN method instead of the χ 2 method. The relationship between the purity and the efficiency of the NN method and the χ 2 method is shown. At the same efficiency (76%), which corresponds to the χ 2 < 9 cut, the NN method has 57% purity, while the χ 2 method has 39% purity. Figure 6 . The ∆y reco minus ∆y true distributions of the (a) SM tt sample and the (b) axigluon sample are shown using the NN method (solid line) and the χ 2 method (dashed line). In both models, NN method has better resolution.
Summary and conclusion
In this study, we investigate the feasibility of using an artificial NN to resolve combinatorial issues in the tt events at the hadron collider. We concentrated on the lepton+jets decay topology where the four reconstructed jets should be matched with the four initial quarks. By including several input variables in the NN training, we have obtained very good discrimination between the signal and the background from NN out . We then developed a reconstruction method based on NN out . We have compared this method with the χ 2 method and improved the purity by 21% and 46% for the M top and A FB measurements, respectively, without compromising the efficiency. We also present the reconstructed M top and ∆y distributions for the M top and A FB measurements, respectively. The NN does not introduce any additional bias compared with that of the χ 2 method, but the resolutions of the reconstructed variables are significantly improved. We therefore conclude that the NN method can improve the precision of important top-quark measurements such as M top and A FB . We plan to revisit this method using a full detector simulation with experimental groups.
The technique discussed in this paper is highly model dependent. However, multivariable techniques for performing event reconstruction can be applied to both well-known SM process measurements and to Beyond Standard Model (BSM) process measurements, if we have well-developed benchmark models. From this point of view, the technique discussed in this study can be a very powerful tool for resolving combinatoric ambiguities at the hadron collider.
